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f^ . 1 Introduction 

m ■ 

Let A be a commutative ring. A graded A-algebra U = (Bn>oUn is a standard A-algebra ii Uo — A 

r ^ . and U = A[Ui] is generated as an ^-algebra by the elements oiUi. A graded [/-module F ~ ®n>oFn 

.^ , is a standard [/-module if F is generated as an [/-module by the elements of Fq, that is, F„ = UuFq 

for all n > 0. In particular, F„ = [/iF„_i for all 7i > 1. Given /, J, two ideals oi A, we consider 

the following standard algebras: the Rees algebra of I, TZ{I) = 0„>o/"i" = A[It] C A[t], and the 

multi-Rees algebra of I and J, TZ{I,J) ~ ®n>Q{®p+q=nI^ J'^u'^v'^) = A[/u, Jw] C ^[m, u]. Consider 

the associated graded ring of I, Q{I) = Ti-{I) ® A/ 1 = 0„>o/"//"'''^, and the multi-associated 

graded ring of I and J, g{I, J) = 7^(/, J) (g> A/{I + J) = ©„>o(©p+g=«/^ JV(^ + J)I^'J'')- We 

^ ' can always consider the tensor product of two standard A-algebras U — ®p>QUp and V = (Bq>oVq 

as an standard A-algebra with the natural grading [/ ® y = (Bn>o{®p+q=nUp ® Vq). If M is an 



■3 



oo 

o 

^\i ■ ^-module, we have the standard modules: the Rees module of I with respect to M , TZ{I; M) — 

^ , ©„>o/"Mi" = M[It\ C M[t] (a standard 7?.(/)-module), and the multi-Rees module of I and J with 

^ ; respect to M, n{I, J; M) = ®n>o{®p+q=nI^J'^MuPvi) = M[Iu, Jv] C M[u, -y] (a standard 7^(/, J)- 

0^ ' module). Consider the associated graded module of I with respect to M, Q{I; M) — TZ{I; M)®A/I ~ 

r^ ' (Bn>oI"M/I"'~^^M (a standard Q {I ) -module), and the multi- associated graded module of I and J 

^ i wzi/i respect to M, g{I, J; M) = 7^(/, J; M) ® A/(/ -H J) = ®„>o(©p+q=„/P J«M/(/ -H J)IpJ''M) (a 

standard ??.(/, J)-module). If [/, V are two standard >l-algebras and i^ is a standard [/-module and 
G is a standard ^-module, then F C>^ G = 0n>o(ffip+q=n^p ^ Gq) is a standard [/ (g) V-module. 
KJi ; Denote by tt : 7^(/) (8)7^( J; Af ) -^ 7^(/, J; Af ) and cr : 7^(/, J; AT) ^ 7^(/ + J; Af ) the natural sur- 

^ • jective graded morphisms of standard 7^(/)(g)7?.(J)-modules. Let if : 7?.(/)(8)7?.(J; Af ) -^ TZ{I -\- J; M) 



C^ 



be 0- o TT. Denote by n : g{I) ® g{J; M) -^ g{I, J; M) and W : g{I, J; M) -^ g{I -\- J; Af) the tensor 
product of TT and a by A/ {I + J); these are two natural surjective graded morphisms of standard 
g{I) ® 5( J)-modules. Let Ip : g{I) ® g{J; M) -^ g{I + J; Af ) be ct o tt . The first purpose of this 
note is to prove the following theorem: 

Theorem 1 Let A be a noetherian ring, I , J two ideals of A and M a finitely generated A-module. 
The following two conditions are equivalent: 

(i) Tp : g{I) ® g{J', Af ) — > g{I + J; M) is an isomorphism. 

(a) Torl(A/fP,7^(J;Af)) = and Tori(^/fP, ^(J; Af)) = for all integers p > 1. 

In particular, g{I)®g{J) ~g{I + J) if and only ifToT^{A/IP, A/Ji) = andToi^{A/IP, A/J'^) = 
for all integers p,q> 1 . 



The morphism Lp has been studied by Hironaka Q , Grothendieck Q and Hermann, Ikeda and 



Orbanz [HIO|, among others, but assuming always A is normally flat along / (see 21.11 in [HIO]). 
We will see how Theorem nl generalizes all this former work. 

Let us now recall some definitions in order to state the second purpose of this note. If [/ is a 
standard ^-algebra and _F is a graded [/-module, put s(F^ — niinjr > 1 | i^„ = for all n > r + 1}, 
where s(F) may possibly be infinite. If [/+ — (Bn>oUn and r > 1, the following three conditions are 
equivalent: F can be generated by elements of degree at most r; s{F/U+F) < r; and F„ = C/iF„_i 
for all n > r + 1. If (^ : G — > -F is a surjective graded morphism of graded [/-modules, we denote by 
E{ip) the graded A-module £^((p) = keiif/U+kerip — ker(^offi(ffiri>ikeriy9„/[/iker(p„_i) — (Bn>oE{ip)n- 
If F is a standard [/-module, take S([/i) the symmetric algebra of Ui, a : S([/i) — > U the surjective 
graded morphism of standard A-algebras induced by the identity on Ui and 7 : S([/i) (g) Fq °-^ 
U ® Fq -^ F the composition of a (X) 1 with the structural morphism. Since F is a standard 
[/-module, 7 is a surjective graded morphism of graded S([/i)-modules. The module of effective 
n-relations of F is defined to be E{F)n — E{^)n — ker7„/[/iker7„_i (for n = 0, E{F)n — 0). Put 
E{F) = ®n>iE{F)n = ©«>i£'(7)„ = £'(7) = ker7/S+([/i)ker7. The relation type of F is defined to 
be rt(F) = s{E{F)), that is, rt(F) is the minimum positive integer r > 1 such that the effective n- 
relations are zero for all n > r+l. A symmetric presentation of a standard [/-module F is a surjective 
graded morphism of standard V^-modules (p : G ^ F, with ip : G — V (^ M — > U ^ Fq ^ F, where 
1^ is a symmetric A-algebra, f : V —> U is a surjective graded morphism of standard ^-algebras, 
/i : Af — > Fg is an epimorphism of A-modules and U ® Fq — * F is the structural morphism. One 



can show (see ^) that E{F)n = E{ip)„ for aU n>2 and siE{F)) = s{E{ip)). Thus the module 
of effective n-relations and the relation type of a standard [/-module are independent of the chosen 
symmetric presentation. Roughly speaking, the relation type of F is the largest degree of any minimal 
homogeneous system of generators of the submodule defining F as a quotient of a polynomial ring 
with coefficients in Fq. For an ideal I oi A and an A-module M, the module of effective n-relations 
and the relation type of / with repect to M are defined to be E{I;M)n = F(7?.(/;M))„ and 
rt(/;M) = rt(7^(/;M)), respectively Then: 

Theorem 2 Let A be a commutative ring, U and V two standard A-algebras, F a standard U- 
module and G a standard V -module. Then U ® V is a standard A-algebra, F ® G is a standard 
U ®V -module and Tt{F (g) G) < max(rt(F), rt(G)). 

As a consequence of Theorems El and 0, one deduces the existence of an uniform bound for the 
relation type of all maximal ideals of an excellent ring. 

Theorem 3 Let A be an excellent (or J — 2) ring and let M be a finitely generated A-module. Then 
there exists an integer s > 1 .such that, for all maximal ideals m of A, the relation type of m with 
respect to M satisfies rt(m; Af) < s. 

In fact. Theorem || could also been deduced from the proof of Theorem 4 of Trivedi in Q. 



Finally, and using Theorem 2 of IP2I, one can recover the following result of Duncan and O 'Carroll. 



Corollary 4 [DO] Let A be an excellent (or J — 2) ring and let N (- M be two finitely generated 
A-modules. Then there exists an integer s > 1 .such that, for all integers n > s and for all maximal 
ideals m of A, m"M n iV = m"-"(m^M n N). 



2 Normal transversality 



Lemma 2.1 Let A be a commutative ring, I an ideal of A, U a standard A-algebra, F and G 
two standard U -modules and ip : G ^ F a surjective graded morphism of standard A-alegbras. If 
A = A/ 1, then U = U ® A is a standard A-algebra, F = F ® A and G ~ G ® A are two standard U- 
m,odules andTp — ip®l-^ : G ^ F is a surjective graded morphism of standard U -modules. Moreover, 
s{E{ip)) < s{E{ip)). 

Proof. Consider the following commutative diagram of exact rows: 







Ui ® kertpn-i 



kerifin 



1 ® (fin-l 

Ui G„-i >- Ui F„_i .- 



qG 



dn 



0. 



By the snake lemma, ker9„ -^ kerd^ -^ E{(p)n ^ is an exact sequence of A-modules. If we tensor 
this sequence by A, then (ker9^) iS) A ^> (ker9^) (g) A ^ E{ip)n ® ^ — ^ is an exact sequence of 
A-modules. On the other hand, we have the following commutative diagram of exact rows: 



^®^n 



Ui®k 


eriPn-l - 


►- 


C/i®G„-i 


^ 


Ul^Fn-l - 


^ 








::C 






dS 




>- kcr 


^„ 


►- 


G„ 


>~ 


F 











By the snake lemma, ker9^ — > kerd^ -^ E{(p)n -^ is an exact sequence of yl-modules. In order 
to see the relationship between ker9^ and ker9^, tensor by A the exact sequence of A- modules 

-^ kcid^ -^ Ui (S> Fn-i -^ Fn ^ and consider the commutative diagram of exact rows: 










{keTd^)(g)A 



kcr9i^ 



{Ui ®F„_i)i 



Ui^F„-i 



Fni 



0. 



It induces an epimorphism of ^-modules (ker9^) ® A ^> kcvd^ . Analogously, there exists an epi- 
morphism of ^-modules (ker9^) ® A ^> ker9^. Both epimorphims make commutative the following 
diagram of exact rows: 



(kera^;)^^ 



ker^G 



(kcr 9,^) ® A 



kerdt. 



E{ip)„ (g) A 



E(v)r, 



0, 



from where we deduce an epimorphism E{ip)n ® A — > E{ip)n. In particular, s{E{ip)) < s(E{(p)). | 

Lemma 2.2 Let A be a commutative ring, I , J two ideals of A and M an A-module. Consider 
a : 71(1, J; M) -^ n{I + J; M) and a = g{I, J; M) -^ 0(1 + J; M). Then 



(a) ker(CTi) ^IMnJM. 

(&) ker(CTi) = i/ and only if IM n JM C /(/ + J)M n (/ + J)JM. 

(c) If I^M n J'^M = IPJ'^M for all integers p,q> 1, t/ien s(E(a)) — 1 anrf ct is an isomorphism. 

Proof Consider 0-> IMn JM -^ IM © JM ^ {I + J)M -^ where p{a) = (a, -a) and cri(a, 6) = 
a + 5. Clearly it is an exact sequence of A-modules. Thus ker(CTi) = p{IAlr\JM) ~ IMnJM. If we 
tensor this exact sequence by A /{I 
{I + J)M/{I + jfM -^ 0. Then 



tensor this exact sequence by A/{I + J) we get {IMr]JM)®A/{I + J) A {IM®JM)®A/{I+ J) ^ 



ker(CTi) = imp = {{a, ~a) G IM/I{I + J)M © JM/{I + J)JM \ a G IM n JM} . 

Hence ker(CTi) = if and only if IM n JM C /(/ + J)M n (/ + J)JM. Now, let us prove (c). 
Let z G kercr„ C 7^(/, J; M)„ = (Bp+q^nl^J'^MuPy'^ C M[m, w]. Thus, z = aou" + aiu^-^w + . . . + 
a„_iMw"-i + a„w", a, el^'^J'M, and = cr„(z) = (oq + ai + . . . + a„_i +a„)t" e7^(/ + J;A/)„ = 
(/ + jy^Mt"-. So flo + ai + . . . + a„-i + a„ = 0. Let us denote: 

bo = aoe r'M n jm = r\jM 

bi=ao + aie r-^M n J^M = I'^-^J^M and ai = 6i - h) 

62 = ao + ai + 02 e /""^M n J^M = P'-'^J^M and 03 = 62 - 5i 

bn-2 = ao + ... + a„_2 e /^Af n J^^-^I = Pj^'^^M and a„_2 = fo«-2 - 6„-3 
bn-i = flo + . . . + a„_i e /M n J"Af = IJ"M and a„_i = fe„_i - fe„_2 
an = -bn-i e/J"A//. 
We can rewrite z in A/[u,w] in the following manner: 

z = qqu" + aiu'^-^^v + . . . + Qn-iuv"-^^ + a„w" = 
= bou" + (&i - bo)u''-\ + (&2 - bi)u''-^v^ + ...+ 

+ {bn-2 - 6„-3)"^w"~^ + {bn-1 " &„-2)ww"~^ + (-&„-l)w" = 

= (6ow""^ +6i?i""^w + &2u"~^w^ + . .. + 6„_2M'y""^ + 6„_iu""^)(u- t;) := p{u,v){u - v) , 
^^ V ' 

p{u,v) 

where p(m, v) e A[Iu, Jw]„_i • {IJM) = n{I, J)„_i • [UM). Since by hypothesis IMnJM = IJM, 
then ker(cri) = {IJM){u - w), ker(CTi) = and z = p{u,v){u - v) e 7^(/, J)„_;^ • {IJM){u ~ v) ^ 



TZ{I, J)n^i ' kcrcTi. Thus kercr„ = 72.(1, J)^-! ' kerci for all n > 2 and s{E{a)) — 1. By Lemma 2T 
s{E(ai)) < s{E{a)) = 1. Therefore ker(CT„) = Q{I, J)„_i • ker(CTi) = for all n > 2 and a is an 
isomorphism. | 

Proposition 2.3 Let A be a noetherian ring, I , J two ideals of A and AI a finitely generated 
A-module. The following two conditions are equivalent: 

(i) W : Q{I , J; M) —>■ Q{I + J; M) is an isomorphism. 

(a) JPM n J'^M = IPJUI for all integers p,q>l. 



Proof. Remark that we can suppose A is local. By Lemma 2^, (u) ^ (i). Let us see (i) => (ii), 
proving by double induction in p,q > I that 

PM n JUI C /P(/ + J)J'^-Hi n (/ + J)PJ'}M . 



Remark that if JPMnJ«M C I^[I + J)J'i-^M for allp,g > 1, then PMnJ'^M C P+^M + I^J'^M 
and IPM n J'?M C P+^M n J«M + IPJ'^M. Recursively, and using A is noetherian local and M is 
finitely generated, IPMnJ''M C (nr>i/P+''Af nJ«M) + /PJ«M C (n„>i/" Af ) + /pJ«M = /pJ«M, 
concluding (ii). Take 9 = 1. Let us prove by induction in p > 1 that 

PM n JM C /P(/ + J)M n (/ + J)P JM . 
For p = 1, we apply Lemma E^, (6), using the hypothesis cti is an isomorphism. Suppose 

PM n JM C /P(/ + J)M n (/ + J)P JM 
is true and let us prove 

P+H'i n JM c /p+i(/ + J)M n (/ + j)p+^JM . 

Then /p+^A/ n JA/ C /PAT n JM C (/ + J)pJM. Consider the short complex of ^-modules: 

JP+^M n JM ^U JP+^M © (/ + J)PJM -^{1 + J)P+^M , 

where a{a) = (a, —a) and /3(a, 6) = a + 5. Remark that /3 o a = 0, /? is surjective and that there 
exists a natural epimorphism 7 of ^-modules such that (3o"f ^ '^p+i- If we tensor this short complex 
by A/ {I + J) we obtain: 

{JP+Hd n JA/) (g) A/{I + J) ^ P+^M/IP+\I + J)M e (/ + J)PJM/{I + J)P+^JM 
IP+^M/IP+\I + J)M e (/ + J)PJM/{I + J)P+^JM J^{I + J)P+Hl/{I + J)P+^M , 

with /? o a = 0. Since ffp+i = /? o 7 is an isomorphism, then /3 is an isomorphism, a = and 

JP+'^M n JA/ C /P+\/ + J)Af n (/ + J)P+^JM . 

By the symmetry of the problem, the following inclusion is also true for all q> 1 : 

JAf n J-'Af c (/ + J)jm n /(/ + JfM . 

In particular, if J^Af n JM C P{I + J)A/ for aU p > 1, then JPM n JAf C JP+'^M + JpJM and 
JPM n JA/ C JP+^M n JA/ + PJM. Recursively, and using A is noetherian local and A/ is finitely 
generated, JPM n JM C (nr>i/P+''A/ n J7\/) + JPJM C (n„>i/"A/) + PJM = JpJM concluding 
JPM n JM = JPJM for all p > 1. Again, by the symmetry of the problem, IM n J«A/ = /J^A/ for 
all g > 1. Now, suppose 

JPM n J«A/ C /P(/ + J)J'^-^M n (/ + J)PJ'}M 

holds for all p > 1 and let us prove, by induction in p > 1, that 

JPM n J9+1A/ C /P(/ + J) J9A/ n (/ + J)PJ'i+^M . 

Remark that if JPM n J«A/ C /p(/ + J)Ji-^M for aU p > 1, then JPM n J? A/ C /p+^A/ + JpJ'^M 
and /PAT n J«A/ C JP+'^M n J«A/ + JpJ'^M. Recursively, and using A is noetherian local and M is 
finitely generated, JPM n J«A/ C (nr>i/P+''A/ n J«A/) + JPjm C (n„>i/"A/) + Pjni = PJUI 
concluding JPM n J'A/ = JpJ'^M for all p > 1. For p = 1, we have to show: 

IM n J'+i A/ C /(/ + J) J«A/ n (/ + J)J'^+^M . 



We have IM n J'^+'^M C IM n J'^M = WM. Consider the short complex of A-modules: 

IM n J'J+Hl -^ P+^M © . . . ® /J«M © J'i+^M ^ (/ + Jf+^M , 

where a{a) = (0, . . . , 0, a, —a). Remark that cr^+i o a = 0. If we tensor this complex by A/ [I + J) 
we obtain ct^+i o a = 0. Since ffg+i is an isomorphism, then 7J = and 

/M n j'^+^M c /(/ + J) J«Af n (/ + j)j'^+^M . 

Suppose now true 

PM n j'^+Hi c P{i + Jjjm n (/ + jyj^+^M 

and let us prove 

/p+^M n J'^+^M c F+\/ + J) J'Af n (/ + j)p+V«+im . 

Then JP+iMn J9+1M C IPMnJi+Hd C {I + jy.J'i+^M and /P+^Mn J^+^M C IP+^MnJ''M = 
JP+^JiM. Consider the short complex of A-modules: 

P+^M n J«+iM -^ P+'i+Hl © ... © P+^J^M © (/ + jyj'i+^M -^[1 + ./)P+«+iM , 

where Q;(a) = (0, . . . , 0, a, —a) and /?(ai, . . . , 0^+2) = ai + . . . + ag+2- Remark that /? o a = 0, /3 is 
surjective and that there exists a natural epimorphism 7 of v4-modules such that /5 o 7 = o-p+g+i. If 
we tensor this complex by A/ {I + J) we obtain /3 o S = 0. Since CTp+g+i = /? o 7 is an isomorphism, 
then /3 is an isomorphism, a = and 

p+^M n j'i+^M c F+^(/ + J)jn'i n (/ + j)J'+V«+Vm .| 

Proposition 2.4 Let A be a commutative ring, I an ideal of A and A : M®N -^ P an epimorphism 
of A-modules. Consider f : 71(1; M) (» N ^ n{I; P) andj^f® Ia/i ■ 0(1; M) ®N ^ g{I; P) the 
natural surjective graded morphisms of standard modules. Then, for each integer n > 2, there exists 
an exact sequence of A-modules E{f )n+i — » E{f)n —>■ E{f)n -^ 0. In particular, if A is noetherian, 
M, N, P are finitely generated and f is an isomorphism, then f is an isomorphism. 

Proof For each integer n > 1, the natural morphism Tori(A//", M) © A^ -> Totj^{A/P, M ® N) 
and X : M ® N ^' P define the following commutative diagram of exact rows: 

Tov-^{A/I",M)^N K I^®M®N I'^M(g)N >- 

l(g)A 
.-Tori(A/7",P) ^ I"(g)P .- I'^P >~ 

We deduce an epimorphism /„ : PM ® N ^ PP. On the other hand, TZ{I; M) © M is a standard 
7?.(/)-module and / = ©n>o/n : T^{I', M) ® N —^ T^{I', P) defines a surjective graded morphism of 
standard 7?.(/)-modules. If we tensor / by A/ 1, we get / : Q{I;M) © iV -^ Q{I;P) a surjective 
graded morphism of standard 5(/)-modules. 

Let X be an ^-module. The following is a commutative diagram of exact columns with rows 
the last three nonzero terms of the complexes /C(7?.(/;X))„+i, IC{TZ{I;X))n and IC{Q{I;X))n (see 



Proposition 2.6 in IP2I for more details): 



d2 



K{TZ(I;X)) 



,n + l 



n+1 



K.{n{I;X))^ 



!Cig(I;X)U 



As/// 



A2/® /"-^x 

M2 
A2/®-f""^X 

V2 
2 ^ jn-2 



92. 



I(g)I"X 

I(S>I"-^X 

VI 



dl n-i 



di, 



d2,n dl„ 



Mo 

I"X 

.. vo 
I"X/I"+'^X 



In other words, lC{TZ{r, X))n+i — > }C{TZ{I;X))n — > /C(t/(/;X))„ -^ is an exact sequence of 
complexes. It induces the morphisms in homology: Hi{IC{TZ{I; X))n+i) -^ Hi{IC{TZ{I; X))n) and 



Hi{lC{n{I-X))n) A iJi(/C(e(/;X))„). By Proposition 2.6 in [|P2|, iJl(/C(7^(/; X))„) = £;(/;X)„ 
and7Ji(/C(e(J;X))„) =^(e(/;^))n. Thus we have ^(/; X)„+i A ^(/; X)„ A ^(g(/; X))„. Since 
V. ou. — 0, then vou — Q. Since mq is injective, then kerw C imu. Since Ho{IC{TZ{I; X))n+i) = 0, then 
V is surjective. So E{r,X)n+i -^ E{I;X)n -^ E{Q{I]X))n — > is an exact sequence of A-modules. 
For X ~ P we get the exact sequence of A-modules: E{I;P)n+i -^ E{I;P)n -^ E{Q{I;P))n — > 0. 
Take X = M in /C(7^(/; X))„+i A /C(7^(J; X))„ A /C(e(/; X))„ -> and tensor it by N. Then we 
get the exact sequence of complexes 

/C(7^(/; Af ))„+! ® N "■=A'^' /C(7^(/; M))„ ® TV ''^A®' /C(e(/; Af ))„ ® iV ^ . 



That is, we obtain the exact sequence: 

/C(7^(/; M) ® iV)„+i ^A A:(7^(/; M) ® N), 
which induces the morphisms in homology 



]C{g{P,M)®N\ 



0, 



Hi{JC{n{P, M) ® N)n+i) A i?l(/C(7^(/; Af) ® 7V)„) A Hi{]C{g{P,M) ® 7V)„) , 



Again, by Proposition 2.6 in [£J, i/l(/C(7^(/; M) ® iV)„) ^ E{TZ{P, M)(g) N)„ and ifi(/C(g(/; A/) ( 
A^)n) = £^(5(^) «> Ar)„. Moreover, since /3. o a. = 0, then /3 o a = 0, and since Ho{lC{n{I\M) ( 
A^)„+i) — 0, then [3 is an epimorphism. Thus we have 



S(7^(/; Af ) ® iV)„^ 



£;(7e(/; Af ) (g) iV)„ ^ £;(g(/; Af ) A^)„ 







with (3 o a — Q and /3 surjective. Remark that since we do not know if ao = uq ® 1 is injective, we 
can not deduce ker/3 C ima. On the other hand, consider g : S(f ) (g) Af (g) A^ — > 7^(f ; Af) (g) N and 
5 : S{I/P) (g) Af ig) A^ — > C/(f ; Af ) A' the natural surjective graded morphisms of standard modules, 
where S(f), S(f /f^) stands for the symmetric algebras of I and I/I^, respectively. By Lemma 2.3 
in [P2I, for each n > 2, there exists exact sequences of ^-modules E{g)n -^ E{f o g)^ -^ E{f)n -^ 
and E{jj)n -^ E{f o^)„ ^ E{f)n -^ 0. In other words, we have exact sequences 

EiTZ{P, M) ® N)n ^ E{niP, P))n -^ E{f)n -^ and 
E{gm M) ® N)n -^ E{g{P, F))„ ^ EQ) ^ . 



Consider the following commutative diagram of exact columns: 



a 13 

E(n(I;M)®N)r,+i K ECR(I; M) » N)„ .- E(g(I;M) ® N)„- 



E{'R.iI;P))n+i ^ E{'R.{I;P)U ^ E(g{I;P))„ 



Eif)n+l E(f)„ E{f)„ 

The comiTLutativity induces two morphisms ^ : E{f )n+i — > E{f)n and /i : £'(/)« — > E(f)n- Since 
V ou = 0, then fio ^ = 0. Since v is surjective, then fi is surjective too. Since /3 is surjective and the 
middle row is exact, then ker/i C im^. Therefore, 

Eif)n+i -^ E{f)^ ^ E(f),, -^ 

is an exact sequence of A modules. Finally, if A is noetherian and M, N and P are finitely generated, 
then E{f)n = for n 3> big enough. | 

Theorem 2.5 Let A be a noetherian ring, I, J two ideals of A and M a finitely generated A-module. 
The following two conditions are equivalent: 

(i) Tp : Q{I) ® Q{J\ M) -^ Q{I + J; M) is an isomorphism. 

(a) ToT^{A/IP, n{J; M)) = and Tot:^{A/P, g{J; M)) = for all integers p>l. 

In particular, g{I)®g{J) ^ g{I + J) if and only if Tor ^{A/ IP, A/. Ji) = andToT2iA/IP, A/Ji) = 
for all integers p,q > 1 • 

Proof Remark that Tor j^{A/ IP, J'^M) = ker(7rp,g : IP ® J'Af -^ IPJ'^M). Moreover, under the 
hypothesis Toyi{A/IP ,Tl{J; M)) = for all p>l, then the following two conditions are equivalent: 

• ToT^{A/IP, g{J; M)) = for aU p>l. 

• IPM n J«M = IPJtM for all p,q>l. 

Suppose (m) holds, i.e., Tot^{A/IP, J^M) = and PM n J^M = /p J'Af for aU p,q>l. Then, n : 



n{I)®n{J; M) -^ n{I, J; M) is an isomorphism and, by Lemma U, a : g{I, J; M) -^ g{I + J; M) 



is an isomorphism. Thus </? = cr o tt is an isomorphism and (i) holds. Let us now prove (i) => {ii). 



If (/? = cr o TT is an isomorphism , then a and tt are two isomorphisms. By Proposition 2.3, a an 
isomorphism implies PM n J'^M = PJ'^M for all p,q > I. In particular, 

PJ'^M + J'^^^M IPJ'^M 

gH; JUI/J^-^M)^ . /..1J.M + J..1M - iI + J)lPJUI - ^(^' '^ ^^^)- • 

Fix g > 1. Since Wp^q : g{I)p ® g{J;M) -^ g{I,J;M) is an isomorphism for all p > 1 and 
g{I,J;M)^^^ = g{I;J''M/Ji+^M)j^, then 7f,,^ : g{I) ® J^M/Ji+^M -> g{I; JUI/Ji+'^M) is an 
isomorphism for all g > 1. By Proposition ^ we have 7^(/) (g) J^M/Ji+^M -^ 7^(/; JUI/J^+^M) 
is an isomorphism for all g > 1. In other words, P ®g{J; M) — > g{J; PM) is an isomorphism for all 
p > 1 (since 7^(/; J''M/Ji+^M),p = g{J; PM)^). By Proposition ^P® n{J; M) -^ n{J; IPM) 
is an isomorphism for all p > 1. So tt : TZ{I) ® TZ{J;M) -^ TZ{I, J; M) is an isomorphism and 
Torl(A//P,7^(J, Af)) = for all p > 1. | 



3 Some examples 

Example 3.1 Let A he a noetherian local ring, /, J two ideals of A and M a finitely generated 
A-module. If / = {x) is principal and x ^-regular, then 7p : Q(I) Q{J; M) -^ Q{I + J; M) 
is an isomorphism if and only if x is a nonzero divisor in TZ{J;M) and in Q{J;M). Indeed, let 
IC{y; N) denote the Koszul complex of a sequence of elements y — j/i, . . . , j/„i of A with respect to 
an A- module N and let Hi{y;N) denote its i-th Koszul homology group. Then Toti{A/I,N) = 
Hi{)C{x; A) (x) N) — Hi{x; M) = if and only if a; is a non-zerodivisor in N . 

Example 3.2 Let A be a noetherian local ring and let / = {x) and J — (y) be two principal ideals 
of A. If (0 : a;) C (y) and (0 : y) C (cc), then ^ : Q{I) ® Q{J) -^ G{I + J) is an isomorphism if and 
only if X, y is an A-regular sequence. 

Example 3.3 Let i? be a noetherian local ring and let z, t be an i?-regular sequence. Let A = 
R/{zt), X ^ z + (zt), y = t+ [zt), I = {x) and J = (y). Then a : Q{I,J) -^ Q{I + J) is an 
isomorphism, but 7f : Q{I) ® Q{J) -^ Q{I, J) is not an isomorphism. 

An example of a pair of ideals /, J with the property Torj^(v4//P, A/ J'') for all integers p, (? > 1 
arises from a product of affine varietes (see [M|, pages 130 to 136, and specially Proposition 5.5.7). 
The next result is well known (see, for instance, HIO|] ). We give here a proof for the sake of 
completeness. 

Proposition 3.4 Let A be a noetherian local ring, I and J two ideals of A and M a finitely generated 
A-module. Let x ^ xi, . . . ,Xr be a system of generators of I and y = yi, . . . ,yr, yi — Xi — Xi + J, a 
system of generators of the ideal 1 = 1 + J/ J of the quotient ring A = A/ J. Lf Q{J) and Q{J] M) 
are free A-modules and y is an A-regular sequence in I, then x is an A-regular sequence in I and 
then Jp : Q{I) ® Q{J', M) -^ Q{I + J; M) is an isomorphism. 

Proof. Since, for all q>\, J'^M/J'^^^M is yl-frce and y is an A-regular sequence, then 

= Torf (A/7, JUI/Ji+Hl) = Hi(IC(y;A) (g) jm/.P+^M) = Hi{y- .PM/.P+Hl) . 

So y is a J^M/J'^+^M-regular sequence in / for all q > 1. In particular, a: is a J'^AI/J'^^-^M- 
regular sequence in / and Hi{x; J'^ M / J'^^^ AI) = for all q > 1. Using the long exact sequences in 
homology associated to the short exact sequences of A-modules -^ J'^M/ J'^^'^M — > AL/J'^^^M -^ 
M/J'^M — > 0, we deduce Hi{x-, M/J'^M) = and x is an Af/J'M-regular sequence in / for all 
g > 1. In particular, x is an M-regular sequence in /. Analogously, but using the hypothesis G{J) 
is A-free, we deduce x is an A-regular sequence in /. Therefore 

ToTi{A/I, M) = H,{K.{x; A) M) = Hi{JC{x- M)) = and 

Tori(A//, M/JiM) = Hi{lCix; A) ® M/J^^M) = H^{lC{x■, M/JHI)) = . 

Using the long exact sequences in homology associated to the short exact sequences 

-^ J'^M -^ M -^ M/.PM ^ and -> .PM/J^+Hl -^ M/.P+HI ^ M/.PM -^ , 

we deduce ToT^{A/I,n{J; M)) = and Tori(A//, ^(J; Af)) = 0. Since /p//p+i is A//-free, 
then Tor ^{IP/IP+\TZ{ J ;M)) = ToT^{A/I,n{J;M)) ® JP /IP+^ = and Tor j^{IP /IP+\g{J; M)) = 
Tor-^^{A/I,Q{J■,M)) ® IP/IP+^ — 0. Applying the long exact sequences in homology to the short 
exact sequences -^ IP/IP+^ -, A/IP+^ -^ A/Jp -^ 0, we deduce Tor^{A/IP,n{J;M)) = and 
Tori (A//P,e( J; M)) = for aU p > 1. | 



4 Relation type of tensor products 



Lemma 4.1 Let U be a standard A-algebra and F a standard U -module. If M is an A-module, 
then F ® M is a standard U -module and rt(i^ ® M) < Tt{F). // A ; A/ — > A^ is an epimorphism of 
A-modules, then 1 ® \ : F ® M ^ F ® N is a surjective graded morphism of standard U -modules. 
Moreover, for each integer n > 1, ker(li?^ (^ X) = Ui ■ ker(li?,^_j^ (g) A). In particular, for each n > 1, 
there exists an epimorphism of A-modules E{F eg) M)„ -^ E(F g) iV)„ and rt{F g) N) < rt(F gi M). 

Proof. Clearly F g) M is a standard [/-module and lg)A:Fg)M— >i^g)iVisa surjective graded 



morphism of standard [/-modules. By Proposition 2.6 in IPj], for each n > rt(F) -I- 1, the following 
sequence is exact: 



A2(C/l) ® Fn-2 ^ C/l ® Fn-1 

If we tensor it by M, we obtain the exact sequence 



Fn 



0. 



A2(C/l) (g> Fn-2 g) M -^ C/l (g Fn-1 ® M ^ Fn ® M 



0, 



for all n > rt(F) -I- 1. Thus E{F ® M)„ = for all n > rt(i^) -I- 1 and rt(F ® M) < rt(F). Consider 
the following commutative diagram of exact columns and rows: 



1® A 



(kerd„)(^M 



ikerdn)<»N 







Ui ®ker(lj7^_j ® A) 



ker(lF„ gi A) 



lig)l(2) A 
C/i (giF„_i iX)M .- C/i «) F„_i iX) TV .- 



d„ ® Ijvf 
F„(g,M 



dn ® In 



Using a diagram chasing argument, one deduces ker(lF^ g) A) = C/i • ker(li^„_j g) A) for all n > 1. 



li g : X ^ F (® M is a. symmetric presentation of F g) M, then, by Lemma 2.3 in [P2I, there exists 
an exact sequence of A-modules E{g)n -^ E{{1 g) A) o g)n -^ E{1 g) A)„ -^ for all n > 1. But 
E{g)n = E{F g) M)n, E{{1 g) A) o g)„ = E{F g) 7V)„ and E{1 g) A)„ = for aU n > 1. Thus 
E{F g) M)„ -^ E{F g) 7V)„ is surjective for aU n > 1 and rt(F g) TV) < rt(F g) M). | 

Theorem 4.2 Lei A he a commutative ring, U and V two standard A-algebras and F a standard 
U -module and G a standard V -module. Then U ®V is a standard A-algebra, F ® G is a standard 
U g) V -module and rt(F g) G) < max(rt(F), rt(G)). 

Proof. Clearly U ®V is a standard A-algebra and F®G is a standard [/g)T/- module. Take ip : X —^ F 
and ip :Y ^ G two symmetric presentations of F and G, respectively. Then ip^ip : X ®Y ^ F(^G 
is a symmetric presentation of F g) G. Since ip ® ip = ((/j g) 1g) o (Ix ® V'): then, for each integer 
n > 2, there exists an exact sequence of A-modules 

E{lx ® V-)™ -^ -B((^ ® V)„ ^ E{ip g) 1g)„ -^ . 

Since ^ : F ^ G is a symmetric presentation of G, then lx„ g) V' : -'^o g) i^ ^ ^0 g) G is a symmetric 



presentation of Xq g) G and F(Xo g) G)„ = -E'(1a'o ® V-")™- Using Lemma 4.1, ker(lxi g) V'' 
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t/i • ker(lx,_i ® ipn-i) for all i > 1. Then 

ker(ljf (g) ?/))r 



^(1x0 V')" 



{U(g,V)i • ker(lx «) V')n-i 



(®r=o^C^i • ker(lx. ® V'n-»)) + {®7=o^i ' ker(lx. ® V-n-O) 
ker(lxo ^V'n) _ ker(lxi «)V'«-i) 



Vl • ker(lxo fXi V'«-i) C/i • ker(lxo ® V""-!) + V^i • ker(lxi » ?/'«-2) 

ker(lx„„i '8'V'i) ker(lx„ j'o) 

Ui ■ ker(U„_, «) V'l) + Vi • ker(lx„_i ® V'o) C/i • ker(lx„_i «) i/'o) ' 



-B(lxo®V')«. 



Therefore £'(lx ® ■0)n = E{lxo ® V')?! = E{Xo ® G')„ for all n > 1. Analogously, £;(93 ® Iq) 
i?((/3 (g) Igo)" = E{F 00)71 for all n > 1. Hence there exists an exact sequence of A-modules 

EiXo ® G)„ -^ ^(F G)„ ^ EiF Go)„ -> 



for all n > 2 and, by Lemma ^ rt(F G) < max(rt(F (g) Gq), rt(Xo G)) < max(rt(F), rt(G)). 



Remark 4.3 Let A be a commutative ring and let U and V be two standard ^-algebras. If 

Torf ([/, V) = 0, then £;([/ (g) V) ^ E{U) © F(F). This follows from the characterization E{U) = 
Hi{A, U, A) (see Remark 2.3 in |Q) and Proposition 19.3 in 0. 



5 Uniform bounds 

Lemma 5.1 Let {A, m) be a noetherian local ring and M he a finitely generated A-module. Let p a 
prime ideal of A such that A/p is regular local and G{p) and G{p] M) are free A/p-modules. Then 
rt(m;M) < rt(p;M). 

Proof. Since A/p is regular local, there exists a sequence of elements x — xi, . . . ,Xr in A such that 
y = yi, . . . ,yr, defined by y^ = x^+p, is a system of generators of m/p and an ^-regular sequence. Let 



/ be the ideal oi A generated by x. In particular, / + p/p = m/p and / + p = m. By Proposition 3.4, 
X is an A-regular sequence and Torl(A/JP,7^(p; M)) = and i:ov^[A/ 1^ ,g{p;M)) = for aU 



P > 1- I3y Theorem 2.5, (p : Q{I) ® Q{p;M) — » Q{m]M) is an isomorphism. By Theorem 4.2, 



rt(g(m;Af)) < max(rt(e(/)),rt(e(p; M))). By Remark 2.7 in IPJ, rt(g(J;M)) = rt(J;M) for any 
ideal J of A. Since / is generated by a regular sequence, then rt(/) = 1 (see, for instance, Q page 
30). Thus rt(m;M) < rt(p;Af). | 

Next result is a slight generalization of a well known Theorem of Duncan and O'CarroU [[DO| . 
In fact the proof of our theorem is directly inspired in their. We sketch it here for the sake of 
completeness. 

Theorem 5.2 Let A be an excellent (or J ~ 2) ring and let M be a finitely generated A-module. 
Then there exists an integer s > 1 such that, for all maximal ideals m of A, the relation type of m 
with respect to M satisfies rt(m;M) < s. 

Proof. For every p G Spec(yl), let us construct a non-empty open subset U{p) of T^(p) = {q £ 
Spec(A) I q 3 p} ~ Spec(A/p). Remark that A/p is a noetherian domain, g{p) is a finitely generated 
A/p-algebra and Q{p; M) is a finitely generated ^(p)-module. By Generic Flatness (Theorem 22. A in 
|M)), there exist /, g G A—p such that ^(p)^ is an (j4/p)/-free module and ^(p; M) is an (yl/p)g-free 
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module. Since A is J — 2, the set Reg{A/p) = {q g V(p) | {A/p)q is regular local} is a non-empty 
open subset of V{p). Define U{p) as the intersection D(/) n D{g) n Reg{A/p) = {q G V{p) \ q ^ 
/ , q ^ g , (A/p)q is regular local}, which is a non-empty open subset of V{p). Remark that for all 



q e U{p), {A/p)q is regular local and ^(p). and 0{p;M) are free t/(p) -modules. By Lemma ^SA 
rt(qAq;Af(,) < rt(pAq;A/q) < rt(p;A/) for all q G U{p). In particular, rt(m; A/) < rt(p;Af) for all 
maximal ideals m e C^(p). For each minimal prime pi of A, let T/(pi) — t/ (pi) = V{pi^i)Li. . .L)V{pi^ri) 
be the decomposition into irreducible closed subsets of the proper closed subset X^(pi) — U{pi), 
pij G Spec(A), pij 2 pi- Since A is noetherian, Spec(A) can be covered by finitely many locally 
closed sets of type U{p), i.e., there exists a finite number of prime ideals qi,...,qm, such that 
Spec(A) = U™ iC^(qi)- Hence, rt(m; M) < max{rt(qi; M) \ i = 1, . . . , ni} for any maximal ideal m of 
A. I 



Using Theorem 2 in IP2 we deduce the result of Duncan and O'CarroU in |DO 



Corollary 5.3 | DO|] Let A be an excellent (or J — 2) ring and let N C M be two finitely generated 



A-modules. Then there exists an integer s >\ such that, for all integers n > s and for all maximal 
ideals m of A, m"Af HN = m""*(m"Af n N). 
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